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Abstract 

Consider the Hill operator Ty = —y" + q'(t)y in L 2 (M), where q E L 2 (0, 1) is a 1- 
periodic real potential. The spectrum of T is is absolutely continuous and consists of 
bands separated by gaps ^ n -,n^ 1 with length \^ n \ ^ 0. We obtain a priori estimates of 
the gap lengths, effective masses, action variables for the KDV. For example, if ^ are 
the effective masses associated with the gap j n = (A~, A+), then \fj,~+fj,+\ ^ C|7 n | 2 n -4 
for some constant C = C(q) and any n ^ 1. In order prove these results we use the 
analysis of a conformal mapping corresponding to quasimomentum of the Hill operator. 
That makes possible to reformulate the problems for the differential operator as the 
problems of the conformal mapping theory. Then the proof is based on the analysis of 
the conformal mapping and the identities. Moreover, we obtain the similar estimates 
for the Dirac operator. 



1 Introduction and main results 

Consider the self-adjoint periodic weighted operator T w in L 2 (R,w 2 (t)dt), given by 

T w f = -w- 2 (w 2 f r y = -f" - 2pf, w(t) = e fo x PW°, peH = {pe L 2 (T), f p{t)dt = 0}. 

Jo 

The operator T w is well studied, see |K8j . |K9] , |Kr] and references therein. Define the 
unitary transformation U : L 2 (M, w 2 dt) — * L 2 (1R, dt) as multiplication by w. Then T w is 
unitarily equivalent to the Hill operator T = UT W U~ X given by 

T = -(l + p )(s- p ) = -^ + '' + *>°- ^'M+p 2 M-IH 2 , (i.D 

where q = \\p\\ 2 = J Q p 2 {t)dt and q' is a 1-periodic potential (distribution). We mention 
following papers devoted to sing ular potentials [KM], [K7j, [N5] . |55] . We define the Riccati 
type mapping R : H — > H by 

q = R(p) = p( x ) + j\ p 2 (t) - \\ p \\ 2 )dt + J(t~ l)p 2 (t)dt, peH. (1.2) 
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Recall that the Riccati map R : H — > H is a real analytic isomorphism between H and if, 
see |K7j . Thus, if p' G L 2 (T), then corresponds to the Hill operator T with L 2 -potential. 

We can not introduce the standard fundamental solutions for the operator T, since the 
perturbation q' is very strong. But the operator T w = U~ 1 TU has the standard fundamental 
solutions <f(t, A), "d(t, A), which satisfy the equation — y" — 2py' = Xy, A G C and the con- 
ditions (f'(0, A) = i9(0, A) = 1, ip(0, A) = $'(0, A) = 0. Here and below we use the notation 
v! = ||. Introduce the Lyapunov function A(A) = - _ 

It is well known, that the spectrum cr(T) = cr(T w ) of T is absolutely continuous and 
consists of intervals a n = [X^-ii A~], where X^-i < A^ ^ A+, n ^ 1 and Aq = 0. The intervals 
cr n and cr n+ i are separated by the gap 7 n = (A~, A+). If a gap degenerates, that is 7„ = 0, then 
the corresponding segments a n and a n+ i merge. Note that A(A^) = (—1)™, n ^ 1, and there 
exists a unique point A n G [A~, A+] such that A'(A n ) = 0. The sequence Aq < X[ ^ A^ < . . . 
is the spectrum of equation — y" + qy = zy with the 2-periodic boundary conditions, i.e. 
y(t + 2) = y(t),t G R. If A~ = A+ for some n, then this number A^ is the double eigenvalue 
of this equation with the 2-periodic boundary conditions. The lowest eigenvalue Aj~ is always 
simple, A(Aq~) = 1, and the corresponding eigenfunction is 1-periodic. The eigenfunctions, 
corresponding to the eigenvalue A„, are 1-periodic, when n is even and they are antiperiodic, 
i.e. y(t + 1) = —y(t), t G R, when n is odd. 

We introduce a new parameter (momentum) z = x + iy = vA, \/l = 1, and momentum 
gaps 

9n = *n )> Z n = > °> 9-n = ~9n, W > 1, #0 = 0- 

We define a quasimomentum fc(z) = 1/(2) + iv(z) = arccos A(z 2 ), z E Z = C\g, g = Ug n , 
see [MO]. The function k(z) is a conformal mapping from Z onto a quasimomentum domain 
/C = C\U ne zr n , where the slit T n = [im+ih n , 7m—ih n ], h = 0, and h n = h- n ^ is defined 
by the equation A(A n ) = (— l) n cosh h n . The quasimomentum k satisfies k(z) = z + o(l) as 
\z\ 



oo. With each edge of the gap 7 n 7^ 0, we associate the effective mass [Mq,^ by 
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X = z 2 = \^ + (fc ^ n ) 2 (i +0 (i)) as A^A±. (1.3) 



Introduce the real Hilbert spaces *J =|/ = /„ G R, = E„^i(2™) 2p / n 2 < 

00}, p ^ and let £q = ^ '■ F° r the sake of the reader, we briefly recall the results existing 

in the literature about the a priori estimates. Marchenko and Ostrovki [MO 1-2] obtained the 
estimates: ||gi|| ^ C(l + h+) \\h\\i, \\h\\i ^ C||gi||exp( ), for some absolute constants 

A, C, where h + = sup n>1 h n and q\ — q + q' . These estimates are not sharp since they used 
the Bernstein inequality. Using the harmonic measure argument Garnett and Trubowitz 
[GT] obtained ||7|| < (4 + ||/i||i)||/i||i. 

Various estimates for the Hill operator with a potential q' G L 2 (0, 1) were obtained in 
the author's paper [K5-6] and in [KK1], [K3] for the Dirac operator. In the paper [K3], [K5], 
[K6] the following sharp estimates for the case q' G L 2 (0, 1) were obtained: 

INI < 6|| g '||(l + ||g'||)i, ||g'|| 4|| 7 ||(1 + || 7 ||)i, 7 = (|7»l)i\ 
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< 7r||g'||(l + ||g'|| < 3||l»||i(6 + h + )*, h + = su V h n , 

and for the case q G L 2 (0, 1) [K8]: 

\\q\\^2\\h\\(l + 4\\h\\), |H|<3|M|(l + 2|| g ||), qeH, 
\\q\\ < 487r 2 || T ||_ 1 (l + || 7 |U) 3 , hll-i < 2||g||(l + 2||g||) 3 . 

It is well known that v(z) = hnk(z) ^ v n (z) = \{z — z~){z — z+)\^ , z G g n , see [KK1]. 
Define a function V n (z) = — 1 ^ 0, z G g n , which is analytic in the domain C + U C_ U 
(a£_i, z~ +1 ), see [KK1]. Let M n = max 2ej „ V n (z), M' n = max ze9n V^(z), .. 

Theorem 1.1. Let real q G L 2 (0, 1). Then for each n ^ 1 t/ie following estimates hold 



\9n\ 



- A„ I ^ 



3|T, 



^-M' n , where z. 







2 + 2 
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A n + Ki 



±..± 



\9n\Znt* 



1/4 + »n\ < + M n ){\ + 2z° n M' n ), 



ML 



l + Az±M' n (l + ^^M\ 



\^T^n\<^l(l + M n ) 2 

° Z n Z n 

Remark. 1) Using Theorem 11.11 and estimates 

|7„| «C (4vm) 2 (/i+ - fi~), 



where \i n 



2K 



,2 ( 37r ) 2 , ,, ±, 



(1.4) 

(1.5) 

(1.6) 
(1.7) 
(1.8) 

(1.9) 



from |K4j . we obtain the estimates in terms of effective masses. 

2) Recall that z± = irn ± | /„* e i27rnx q(x)dx\ + £ d (n), d > 1 as n -> oo, see [K8]. This 
yields asymptotic estimate p n ^ ^ — £ as n ^ oo, for any e > 0. 

Define the action variables A n = - J g xv(x)dx ^ 0, n ^ 1 for the KDV equation [FMj . 

Theorem 1.2. Let rea/ g G L 2 (0,1) and let f3 n = \/A^ ^ 0,n ^ 1. TTien t/ie following 
estimates hold 



K - ^(1 + K(4)) 



%f(«I + <: 



- %£(« + 64X 2 + m;; 



ItwI 
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(1.10) 

(i.ii) 

(1.12) 
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|5V, 



Z M / + + lgnlM n 
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;i.i5) 



Consider the Dirac operator Tp acting in the space L 2 (IR) © L 2 (IR) and given by 



T D = Jj t + q D (t), 



Qi 

Q2 



1i 



J 



1 
-1 



where q%, q?, G L 2 (0, 1) are real 1-periodic functions of t G R. The spectrum of To is purely 
absolutely continuous and cr(To) = U n6 zs n , where s„ = are spectral bands and 

z£-i < z~ ^ £+, (see [LS] for details). The intervals s n ,s n+ i are separated by the gap 
g n = (z~,z£) with length \g n \ ^ 0. If a gap g n = 0, then the corresponding spectral 
bands s n , s n+ i merge. Introduce the 2 x 2-matrix valued fundamental solution ip = if)(t, z) 
satisfying Jip' + q^ip = zip, ip(0, z) — 1%, z G C, where I2 is the 2x2 identity matrix. 
Define the Lyapunov function A (2) = |Tr0(l, z). Note that A (2*) = (— l) n ,n G Z, and 
the function A'(z) has a zero z n in a "closed gap" [z~,z^] (see e.g. [LS]). The sequence 
..Zq < zj ^ z{ < . . . is the spectrum of equation Jy' + q D y = zy,y = (yi,y 2 ) T , with the 
2-periodic boundary conditions, i.e. y(t + 2) = y(t),t G R. If z~ = z^ for some n, then 
z^ is the double eigenvalue of the equation Jy' + q zs y = zy with the 2-periodic boundary 
conditions. The eigenfunctions, corresponding to the eigenvalue z„ , are 1-periodic, when n 
is even and they are antiperiodic, i.e. y(t + 1) = —y(t), t G R, when n is odd. 

For each qp there exists a unique conformal mapping (the quasimomentum) k : Z — > 
/C = C \ ur„, T„ = [nn — ih n , 7m + ih n ], given by (see [K6J) 



cos k(z) = A(z), z E Z = <C \ g, g = Ug n , k(z) = z + o(l) as \z\ 



00, 



where the height /i n ^ is defined by the equation cosh/i n = 
edge of the gap g n 7^ 0, we associate the effective mass by 



■l) n A(z„) > 1. With each 



(*(z) 



nn 



2m± 



as z 



+ 



;i.i6) 



Theorem 1.3. Let real qo G L 2 (0, 1). Then for each n G Z £/ie following estimates hold 
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2 _ r u < 



;i.i7) 



|2ft n - bn|(l + K(^n)| < 



1.1? 
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\vnz- 



l^-^K^(l + ^V%M)> ^ere h± = ^SST, (1.19) 

K + < kl 2 (i + m„)m;, (1.20) 

/ ?Lf' \ oh 2 

i±Tm n \^ \g n \ 2 (l + M n )M' n [l + -±y/2\g n \\m±\\ , w/iere m n = j-*-. (1.21) 

Remark. Using Theorem 11.31 and estimates 

/ in ^7r v / 2|^||m±|^27r|m±|, ^ ^ 2kj n | V<W> 2|m±|. (1.22) 

from |KKlj . we obtain the estimates in terms of effective masses. 

Recall that the action variables for the NLS equation are given by a n = - J v(x)dx, n G 

Z. 

Theorem 1.4. Let real q^ G L 2 (0, 1) and let b n = ^fa~^ ^ 0,n G Z. TTien i/ie following 
estimates hold 

K - (\gn\ 2 /8)(l + K(4))| < 2^M^, (1.23) 

|a„-^|<^(M: + 6M; 2 ), (1.24) 

k - Hh^I*I < %|V B + (1-25) 

25 lb 2' 

\b n - 2- 3 / 2 k| v / l + K(4)l < ^^K, (1-26) 

|6» - v^W2| < ^f^« + 6M; 2 ), (1.27) 
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|6n - — — l"i„l 4 l < — 7^ • (1-28) 

2* v2 

Note that Theorem ll.4l is used to study electrostatic inverse problems on the plane [KK3J. 
Define integrals Q p = - f R x p v(x)dx,p G Z. Recall the identities for the Hill operator 

Qo = | = Q2 = l [\q 2 o + m 2 )dt, (1-29) 



2 2 

(recall that Xq = for the Hill operator), and for the Dirac operator 



Qo = ^ = I J\ q l(t) + q l(t))dt, Q 2 = l - J\(q[ 2 + q' 2 2 ) + {q\ + q 2 2 ) 2 )dt. (1.30) 
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Theorem 1.5. Let real q E L 2 (0,1) or q D E L 2 (0,1). Let p n = dist(g n , g\g n ), n E Z. Then 
for each n G Z the following estimates hold 



M n ^ suph s ^ , M n ^ , M n ^ — , (1.31) 



TV 2 



EMn < ttt^o, w/^ere p = inf p n , (1.32) 
3/r nez 



1 :» r _ 



A <; ^VO^ 2 . (1.33) 
p ^ 2 1 J 



If 4 E L 2 (0, 1) or q' D E L 2 (0, 1), ^en 



V„(.r) , p. — r ( Qo + %)- -'-e 7 /,,- (1-3 1) 



I^M^nl V P 

Corollary 1.6. Let real qp E L 2 (0, 1). Then the following estimates hold 



L K - — 1 ^ 2^ V" I 1 + 6 ~^~ J ' ^+ = su „ p (L36) 

In order to prove these results we consider the quasimomentum of the Hill (or the Dirac) 
operator as a conformal mapping. That makes possible to reformulate the problem for the 
differential operator as a problem of the conformal mapping theory (see [KKlj . |Klj - [K8] 
and [MUlj ). We use the Poisson integral for the domain C + U C_ U g n and some a priori 
estimates from |KKlj . The results of this paper are used in [KK3j . 



2 Estimates for conformal mappings 

Consider a conformal mapping z : K, + — ► C + with asymptotics z(iv) = iv(l + o(l)) as 
v — > oo, where z(k),k = u + iv E K. The domain /C+ = C + fl /C for some sequence 
{h n )n£Z £ ^ and the domain K — C \ U ne zr n , where T n = [« n — z/i„, w n + i/i n ] and 

u n , n E Z is strongly increasing sequence of real numbers such that w n — > ±oo asn-> ±oo. 
The difference of any two such mappings equals a real constant. Thus the imaginary part 
y(k) = lmz(k) is unique. We call such mapping z(k) the comb mapping. Define the inverse 
mapping k(-) : C + — > fC + . It is clear that k(z),z = x + iy E C + has the continuous extension 
into C + . We define "gaps" g n , "bands" s n and the "spectrum" s of the comb mapping by: 

g n = (z~,z+) = (z(u n -0),z(u n + 0)), s n =[z+_ v z~], s = U n& s n . 

It is well known that the set s can not be the spectrum of two different comb mappings |Lej . 
The function u(z) = Refc(z) is strongly increasing on each band s n and u(z) = u n for all 
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z G [z~, z%], fiGZ; the function v(z) = Im k(z) equals zero on each band s n and is strongly 
convex on each gap g n ^ and has the maximum at some point z n given by v(z n ) = h n . 
If the gap is empty we set z n = z^. The function z(-) has an analytic extension (by the 
symmetry) from the domain /C+ onto the domain K and z(-) : K — > z{K) — Z — C \ Ug n is 
a conformal mapping. For each gap g n = (z~, z£) 7^ we define the effective masses by 

z(k) -z±= {k ~^f + 0((k - u n f) as z^z±. (2.1) 

If \g n \ = 0, then we set = 0. It is clear that if \g n \ > 0, then ±m^ > 0. These and others 
properties of the comb mappings it is possible to find in the papers of Levin |Lej . 

We emphasize that the comb mapping k(z) with u n = im, n G Z corresponds to the 
quasimomentum for the Dirac operator with periodic coefficients. If the comb mapping 
k(z) is symmetric, k(—z) = —k(z),z G Z, with u n = irn,n G Z, then it corresponds to 
the quasimomentum for the Hill operator. Furthermore, the comb mapping is the rotation 
number for the Schrodinger operator with some almost periodic potential (see [JM]). 

For some {h n ) ne % G £^ we fix some gap G = (— c, c),c > 0. The function v = lmk(z) 
satisfies 

v{x) =r(x)(l + V(x)), V(x) = - [ v ( t )^ t r(x) = \c 2 — x 2 \^ , x G (— c, c), (2.2) 

71 JR\g \t — X\ r[t) 

see [KK1]. Recall that v"{x) < for all x G G. The function v(x),x G G has a unique 
maximum h at some point Zq G (— c, c) given by 

h = v(z Q ) = r(z )(l + V Q ) > c, V = V(z ). (2.3) 

Lemma 2.1. Let a comformal mapping k : Z — > /C have a gap G = (— c, c), c > /or some 
(Mnez e i°° and V = V(z ), V£ = V'(z ), .,r = r(z ), v = -l/v"(z ) > 0. Then 

r 2 V' 

z ° = TTIZ' where r o < c ' ( 2 - 4 ) 
l + Vo 

r 3T//2 

|^-H<^((3 + c)Vi' 2 + l/ ''). (2.7) 

Proof. We have v'(zq) = and = v'(x) = r\x){l + V(x)) + r(x)l // (a;) at x = z and 
(r 2 )' = —2a;, which yield (12.41) . Substituting (12. 4p into the identity Zq = c 2 — r 2 ,, where 

r = r(zo) we obtain c 2 — 7q = h^Yo) 2 ' which implies (12. 5ft . 
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Estimate (12.51) together with the identity h = r (l + V ) yield 
\h-c(l + V )\ = (l + V )\r -c\^ r,;V| " 



2(1 + v y 

which gives (12.61) . Differentiating the function v'(x)r(x) at zq we obtain 



r v"(z ) = (rv')'\ z=Z0 = I -x(l + V) + rV'l | 2=2o = -(1 + V ) - 3*,^' + W, 

which gives r v"(z ) = —(1 +Vq) — 3z Vq + r^V^' . Then the definition v n = —l/v"(z ) implies 
r = u(l + V + 3VqZ - tIVq), which yields 

Thus ^ = u + R 1} R l = R+ Thus z/r 2 (3V ' 2 + V ") and ^ <; which 

yield (12 .7p . where the estimate v ^ h from [KK4J was used. ■ 
Recall the identity from [KKlj 

±m ± = c(l + V(±c) 2 ^ c. (2.9) 

We obtain estimates of the action. Let M = max xeG V(:r), M' = max a . eG V'(:r), ••• 

Lemma 2.2. Let a comformal mapping k : Z —>■ K, have a gap G = (— c, c), c > for some 
{h n )n£2, £ TTien t/ie actions a = - f G v(x)dx and A = - f G xv(x)dx and b = \a\i > 
satisfy 

\a-j(l + V(0))\^jM", (2.10) 



a 



L4| < yM', (2.11) 

^| < ^(M" + 6M' 2 ), (2.12) 
2 8 

|a-|y^|<^(M' + ~M"), (2.13) 

|6 - C> /(1 + V(0))/2| ^ ^=M", (2.14) 

|6-vW2K^(M'' + 6M' 2 ), (2.15) 

|6 - ^W 1 ! < ( M ' + \ M ")- ( 2 - 16 ) 
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Proof. Using the Taylor formula V(x) = V(0) + V'(0)x + f£ V"(s)(x — s)ds, we obtain 

na = / v(x)dx = / r(a;)(l + V"(x))da; = a^x) + a (2)> a (2) = r(x)dx / — s)ds, 

Jg Jg Jg Jo 

r c 2 

0(i)= / r(x)(l + U(0) + U'(0)x)cfe = 7r-(l + U(0)). 
Consider a( 2 ). The function V"(x) > for all i6G, then for some Xi G G we get 

r r x f r x c 4 

a {2) = / r(x)dx J V"(s)(x — s)ds = V"(xi) / r(x)dx / (x — s)ds = 7rU"(xi) — 
Jo Jg Jo 2 

which yields (12~TU1) . Using V(z) = U(0) + /* F'(s)ds and J G xr{x)(l + V{0))dx = 0, we have 

4 f A f f x 

A = — xv(x)dx = — xr(x)dx / V (s)ds, 
^ Jg 71 J g Jo 

, „, 4 f , ■ , m r T r// x , , , 4M' /" 2 . , , c 4 M' 
|A| ^ — / |x|r(x)| / V (s)ds\dx ^ / x r{x)dx = — - — , 



K J G Jo n JG 

which yields (12.111) . Using (12.31) we have the following identity 

h = c(l + V(0)) + (h-c(l + V ))+cz V'(x 1 ), where V = V(z ), 

for some x\ G G, which yields 

a- y=(o- + V(0))) + C(ft - C( 2 1 + >/ ° )) + 

Using (12101) . (ED, (E3D we obtain 

fcc, c 4 c 4 M' 2 c 4 M' 2 c 4 w/ „„ 2 . 

[a — —| < -M" + — — + — — < — (M + 6M' 2 ), 



2 3 4 
which yields (12.121) . Using (12.91) we obtain 



c 2 , T , , , . c 4 , ,„ c 3 



|a " 2 v^II < la - (c 2 /2)(l + V(0))| + - |V(0) - V(±c)| < -M" + —AT, 

which yields ( l2~T3j) . Using (I2TTUD we obtain \b - cy/(l + V(0))/2\ < y -^r , and the 
estimate a = b 2 ^ c 2 /2 yields (I2TT4) . Using (12121) we obtain |6 - v 7 ^/ 2 ! < y m"+ 6 m' 2 ? and 
the estimate a = b 2 ^ c 2 /2,h ^ c yields ( 12.151) . Due to (12. 13ft we have 

c 3/ V ,4i ^ c 3 (M' + fM") 



|6 = |m±| 4 1 ^ 



V2 1 2 (& + | N i; 

2 

and |m±| ^ c, a ^ y gives (12. 16ft . ■ 



Lemma 2.3. Let a comformal mapping k : Z — > /C have a gap G = (— c, c), c > for some 
(/i n ) neZ Gf°. Then 

Ih-htl < 2c 2 M'+ ° T ' , w/iere ^ = v^^, (2.17) 
V 4(l + Vo)V 

|m + + m~ | ^ 4c 2 (l + M)M', (2.18) 

/ K /2 v/cm±\ /i 2 
\m ± T r m\ ^ 4c 2 (1 + M) \M' + 4 ° 1 + ^^ J' Are m = -. (2.19) 

Proof. Let Vb = Vfo) and V± = K(±c). Identities (J23D, O give 

|/i - h±\ = |r (l + V ) - c(l + V±) | < r |Vb - V±| + |r - c|(l + V±). 



c 2 y' 2 ,/ c \ m ±\ 

Then estimates (12. 5ft . H 2 . 9 1) give |r — c|(l + V±) ^ — 2 '(i+vb) 2 — ' anc ^ we a ^ so nave I^X^o) _ 
V(±c)| ^ 2cM'. Combining two last estimates we obtain ( 12.17ft . 
We prove flZZEBp - Identity (J22D gives 

\m + + m-\ =c(2 + V+ + V-)\V + -V-\ «C 4c 2 (l + M)M', 

which yields (12381 . We prove (12391) . Using (EH}, (E3D we have 



, |(/i+) 2 -/i 2 | + ,,, ,, 
\ m + - m \ = ^ — '- { - = i ^ sC /i + + 2c 

c c 

and h + h+ < 2c(l + M) yields (l2~T9l . ■ 

We rewrite ( 12. 2p for any gap g n = (z~, z+) by 



V 4(1 + K ) 2 j' 



r! r) ''"(-'^n 1 ■»(•'■) = r / - ml! _ - = l(*-0(a-4)l*, (2-20) 

'9\9n V n\ Z )\ Z X \ 
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x G g n . We have the following identities and estimates 

K(*) = -i Tt l T\ TfV K(*) = -j Vi T m > o. (2.21) 

71 ^9\ffn (* - — TT \t - X\ 6 V n (t) 

IK(*)K^ 0<V:(x)< 2 -^, (2.22) 

Pn Pi 

for all x G g„. Define the numbers M n = max Ig9n V n (x), M' n = max Ig9n V^(x), . Let 
Qp = Im x2Pv ( x )^ x ^P ^ 0- We prove Theorem 11.51 for more general case. 

Lemma 2.4. Let u* = mf ne z(un+i — u n ) > and let Qo < oo. Then 



M^^-sup/^^°, K<— , (2.23) 
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TV 2 



^M n <- Q , (2.24) 

2U* 5lT 

p = inf p n ^ — exp(-- — sup h s ). (2.25) 

57T 2ti* seZ 



If additionly Q2 < 00, then 

W N7fe( g ° + t)' (2 ' 26) 

Proof. Let h + = sup /i n . We have for x G g n 

1 /" v(t)dt h + f dt h + f ds 2h + 

VJX) = - / 7- ; 7— ^ / 7- ; 77T ^ / 7-TT7 < 



7T 



g\gn 



t-x\v n (t) 7T Jg\ gn \t - X\v n (t) ^ J\s\> Pn \s\ 2 TTPn 



and using h\ ^ 2Q Q (see |K5j ) we obtain the first estimate in (I2.23p . The two last estimates 
follow from (gjgD - 

Let M n = V n (x n ) for some x n G g n - Using |t — x n | ^ p|m — n| for any t G <7 m , we obtain 



,2 



where C = 2 ^ n>l n~ 2 = 2^- = ^-. Estimate fl2~^oD was proved in [KK4] . 

Using the simple estimate tt^| ^ j^y f 1 + for all 3 G g n , t E g \ g n , we obtain 

, . 1 /" t>(t)dt 1 /" / |t|\ 2 

V n {x) = - / ; 7— ^ ' 



g\gr, 



t-x\ Vn (t) TrJ g \ gn \ PnJ \x\^Tz n 



> T / (l + ^)v(t)dt^ 1 + % 



which yields ( 12T26D . 



3 Estimates for the Hill and the Dirac operators 

Firstly, we will apply the results from Section 2 for the case the Dirac operator Tp. 

Proof of Theorem Q, Estimate 107)1 . (OBj) . (jTT9l) . ( QUI) . ( OB follows from (El), 
(1231) . (I2T71) . (12TT8D . (l2~T9l) respectively. ■ 

Proof of Theorem CDS Estimate (TT231) . (1T241) . (TT261) . flPT_D follows from (12TTU1) . 

tro, ra, d2H. ■ 

Secondly we will apply the results from Section 2 for the case the Hill operator T = 
+ + in L 2 (R) witn the 1-periodic real potential q G L 2 (0, 1). Recall that 

Xq = for the Hill operator. In this case we have estimates 

rM ^ 1 1 \in\ ^ \1n\ ± o ± ± \ 1 /o 1 \ 

^ \9n\ = I — < 77— > m n = 2 ^P„, n > 1. (3.1) 



2\/A+ ^n+^n 2n P' 
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Proof of Theorem [T7T1 Recall A° = A "+ A " and A n = z\. Using the identity 

4(4) 2 = (z~ + 4) 2 = K + K + 2^4 = 4A° - |<? n | 2 , 

and the estimate (12.41) we obtain 

= l(^) 2 -A„| = \z° n + z n \\z° n -z n \ < < 



which yields f ll .41) . Recall 2z^^ = m*. Using ( 12. 6ft we obtain ( II. 5ft . 
Using ( 12.171) and |(? n ||m^| ^ 2|7„||/i^| we obtain ( 11.6H . 
Using (12~T8D . (12T9D and 2z±/4 = we obtain 

| M + + vn\ = l^ + ^ + ^-OI ^ ^(i + m„)m; + J^(i + M n ), 

^ Z n Z n ^ Z n Z n ^ Z n Z n 

which yields dEU). Using /i n = gfr = H we obtain /x± T Vn = %-# + The 
estimate (I2.19P yields (note that |g n ||m^| ^ 2|7 n ||/x^|) 



< \g n \ 2 (l + M n )M'Jl + ^^2\g n \\m±\\ 



and (J23D gives |m±| ^ \g n \{\ + M n f jl. The two last estimates imply ([Tgjl . ■ 
Proof of Theorem 11.21 Using ( 12.111) we obtain 

4 /" 4 /" |o I 4 

A n = - xv(x)dx = 4:Z° n a n + A n0 , A n0 = - (x - z° n )v(x)dx, \A n0 \ ^ ^-M' n . (3.2) 

Estimate ( 12.101) and 2z®\g n \ — \ j n \ imply 

\4z° n a n - (\ ln \ 2 /8z° n )(l + V n (z° n ))\ < zl^Ml (3.3) 
which together with ( 13.21) yields ( 11.101) . Estimate (12. 121) implies 

\Ka n -^\^ z ^{M>i + QM> n \ 
which together with ( 13.21) yields ( 11.111) . Estimate (12. 131) implies 

\Az° n a n - l jA\ Cn m^\ ^ 2%»{M' n + c n M'^) 

which together with (13.21) yields (11.121) . Using and f (x — z®)v n (x)dx = 0, we obtain 

4 f 4 f 4^° f z °\9n\ 2 

(3 2 = A n = — / xv(x)dx ^ — / xv n (x)dx = — - / v n (x)dx = — — — (3.4) 

KJgn " Jg n 71 Jgn 2 
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Recall that ffTTUD yields 



(3 n ~ |7n 



A - U 12 (1+^(4)) 
|7n| fe o 



^ \&£.(z*M% + M' n ), which gives 



fl'n 



25(/3 ri , + |^| v ^o72) v n n 

and (13.41) yields (11.131) . Using fll.lip . fll.12p and the similar arguments we obtain fll.14p . fll. 15ft . 
■ 

Proof of Corollary ESI Using (Olj) . fll~32l) we obtain 



^ P 3p 4 ' p vrp 3p 4 ' 



which yields 



+ 6 <) 



3p 4 



1 + 6- 



7rp 



)• 



(3.5) 



Using ( 11.241) and ( 13. 5ft we obtain 



4 



P6Z 



3p 4 

which yields ( 11.351) . Using ( 11.241) and (13.51) we obtain 



V8Qo 

Tip 



K —I < 2^ -^r^ M n + 6M n ) ^ -g-rCi + 6-^- 



7rp 



5-+ = sup flf n . 
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